The rates of consumption of different amino acids in protein synthesis are in general stoichiometrically coupled with coefficients determined by codon usage frequencies on translating ribosomes. We show that when the rates of synthesis of two or more amino acids are limiting for protein synthesis and exactly matching their coupled rates of consumption on translating ribosomes, the pools of aminoacyl-tRNAs in ternary complex with elongation factor Tu and GTP are hypersensitive to a variation in the rate of amino acid supply. This high sensitivity makes a macroscopic analysis inconclusive, since it is accompanied by almost free and anti-correlated diffusion in copy numbers of ternary complexes. This near-critical behavior is relevant for balanced growth of E. coli cells in media that lack amino acids and for adaptation of E. coli cells after downshifts from amino acid containing to amino acid lacking growth media. The theoretical results are used to discuss transcriptional control of amino acid synthesis during multiple amino acid limitation, the recovery of E. coli cells after nutritional downshifts and to propose a robust mechanism for the regulation of RelA-dependent synthesis of the global effector molecule ppGpp.
Introduction
When E. coli bacteria grow in rich media, the average rate of protein synthesis per ribosome is greater than during growth in amino acid lacking media with poor carbon sources (Bremer and Dennis, 1987; Dalbow and Bremer, 1975; Forchhammer and Lindahl, 1971; Pedersen, 1984; Young and Bremer, 1976) . This suggests that the rate of supply of amino acids limits the rate of protein elongation on ribosomes in slowly growing bacteria and is in line with the observation that when amino acids are added to bacteria growing in minimal media, a rapid 40% increase in protein synthesis rate by occurs before de novo synthesis of tRNAs, ribosomes and translation factors has taken place (Brunschede et al., 1977) . A straight-forward interpretation of these data is that the aminoacylated (charged) fractions of tRNA (transfer RNA) molecules are much smaller in slowly growing bacteria than in rapidly growing bacteria and that the charged fractions increase rapidly after addition of amino acids to the medium. Further support for this view comes from the observation that expression of amino acid biosynthetic operons often is controlled by transcriptional attenuation, meaning that synthesis of amino acid producing enzymes requires that ribosomes are slowed down by low levels of aminoacyl-tRNA (Elf et al., 2003a; Landick and Yanofsky, 1987) . We have modeled amino acid limited protein synthesis in bacteria to analyze coordinated regulation of synthesis of different amino acids during slow growth in poor media. The study shows that it is difficult for bacterial control systems to maintain balanced synthesis and consumption of two or more amino acids with supply rates that are simultaneously rate limiting for protein synthesis. The reason is found to be a remarkably high sensitivity in the charged levels of two or more tRNAs in response to a change in one of the amino acid synthetic flows. Due to "switch properties" of the aminoacylation reaction, the supply of only one amino acid will be rate limiting and the charged level of only one tRNA will be near zero at any one time in a single cell. The identity of the limiting amino acid will, however, change in a cyclical fashion. We also demonstrate that even if the rates of synthesis of several amino acids could be perfectly balanced, the levels of their charged tRNAs would display very large, stochastic (random) fluctuations so that the concentration of only one aminoacyl-tRNA at the time would be close to zero also in this case. Our results further suggest that only one amino acid and only one aminoacyl-tRNA concentration will approach zero after a down shift from a rich to a poor medium. We use these results to discuss the accuracy of protein synthesis in slowly growing bacteria, regulation of the expression of amino acid biosynthetic operons (Neidhardt, 1996; Umbarger, 1978) , and induction of the stringent response (Cashel et al., 1996) .
The rates of consumption of different amino acids in protein synthesis are stoichiometrically coupled
The steady state rate of consumption of an aminoacyl-tRNA of type "i" is determined by the total rate, J R , of protein synthesis, multiplied by the frequency, f i , by which its cognate codons occur on translating ribosomes ( Fig.1) (Elf et al., 2003a) . The rate J R is defined as the concentration of ribosomes in elongation phase multiplied with the average rate of peptide elongation . Therefore, the rates of consumption of all amino acids are stoichiometrically coupled through their codon frequencies. When the rates of supply of all amino acids are in excess over their rates of consumption in peptide synthesis, J R is equal to J max , and J max is determined by the concentration of ribosomes engaged in protein elongation, the kinetic constants of the ribosome and the intracellular concentrations of all ternary complexes and elongation factor G (EF-G) Marr, 1991) . However, when the rates of supply of amino acids are rate limiting for peptide elongation, the present study shows that J R is determined by the rate of supply of the amino acid that has the smallest ratio between its rate of supply (k i ) and codon frequency (f i ). In other words, when at least one parameter s i , where s i =k i /(f i J max ), is smaller than one, then the rate of supply of the amino acid with the smallest s i -value, s i =s min , will limit the total rate of protein synthesis to J R =s min J max . For convenience, we will use the approximation max R J rk ≈ , where r is the concentration of elongating ribosomes and k R is the k cat for peptide elongation (see definition in Appendix A). This approximation requires, firstly, that all tRNAs are completely charged with their respective amino acids, so that the ribosome is near-saturated with ternary complex. Secondly, that 0 << i R i f K t , where f i is the fraction of all peptide bonds with amino acid i as acceptor in the peptidyl-transfer reaction, K R is the ribosome's K m value for ternary complexes and t 0i is the total concentration of tRNA i.
Two rate limiting amino acids
When several pathways synthesize amino acids at rates that fall short of the current demand in protein synthesis, i.e. they have s i values smaller than one, they are all potentially limiting for protein synthesis. To illustrate, we will inspect the special case when s 2 is constant and smaller than one and s 1 varies from small to large values, while all other s ivalues are larger than one (Fig. 2) . This example clarifies what happens during balanced growth in poor media, when the rate of amino acid supply is limiting for protein synthesis (Bremer and Dennis, 1987; Dalbow and Bremer, 1975; Forchhammer and Lindahl, 1971; Pedersen, 1984; Young and Bremer, 1976) . It can also be used to illustrate the situation after a down shift from a medium containing all amino acids to a medium where several amino acids are missing. The case, when the rate of supply of only one amino acid is rate limiting for protein production has been discussed earlier (Elf et al., 2001) . When s 1 <s 2 , pathway number one is rate limiting for protein synthesis and when s 1 >s 2 , pathway number two is instead rate limiting. When s 1 =s 2 , the rates of synthesis of the two amino acids are exactly balanced to their rate of consumption in protein synthesis. The concentrations of amino acids and ternary complexes in these pathways and their sensitivities (Appendix B) (Goldbeter and Koshland, 1982; Savageau, 1971; Savageau, 1976) to a variation in s 1 are shown as functions of s 1 in Fig. 2 . Analytical approximations of concentrations and sensitivities below (s 1 <s 2 ), above (s 1 >s 2 ) and at (s 1 =s 2 ) the balance point are given in Table 2 and shown in Fig. 2 . When s 1 increases from the left towards the balance point, the concentration of amino acid "1" increases in proportion to s 1 , but the concentration of ternary complex "1" rises more steeply. In this range, the concentration of ternary complex "2" is almost constant, while the concentration of amino acid "2" decreases. When s 1 increases to the right of the balance point, the concentration of amino acid "1" increases. At the same time, the concentration of ternary complex "1" is constant and at a high level corresponding to near 100% charging of tRNA "1". The concentrations of amino acid and ternary complex of type "2" are constant at low levels in this range. The sensitivity in the concentration of amino acid "1" is one to the left of the balance point and decreases rapidly from a high value to the right of the balance point . The corresponding sensitivity of ternary complex "1" is higher than one to the left of the balance point, and falls very rapidly from a high value to its right. These concentration variations with changing s 1 to the left and right of the balance point are gradual rather than sharp, and follow simple rules (Table 1) . Very close to the balance point itself, the situation is different. When s 1 approaches the balance point from the left, the concentration of ternary complex "1" changes from a value close to zero to a value corresponding to near 100% charging of tRNA "1" in an extremely small interval of the s 1 variation. In this region, the concentration of ternary complex "1" limits protein synthesis. When s 1 moves away from the balance point to the right, the concentration of ternary complex "2" rapidly decreases towards its rate limiting value. In this region, ternary complex "2" limits protein synthesis. At the balance point itself, both ternary complex concentrations are rate limiting. Here, the sensitivity of the concentration of ternary complex "1" to a variation in s 1 is more than 10 000 with realistic model parameters (Tables 1 and 2 ). This extremely high sensitivity amplification in a single point means that the stationary ternary complex concentration responds as a Boolean step-function to the rate of synthesis of its amino acid. The extreme sharpness of the response is caused by near zero order kinetics in two dimensions, as previously discussed for a simple anabolic reaction in (Elf et al., 2003b) . This means that an increase in one of the ternary complex concentrations can be compensated for by a complementary decrease in the concentration of the other, such that the average rate of reading of their two codons remains unaltered. By itself, this scenario would lead to infinite sensitivity amplification, if it were not for the fact that ternary complex variations affect the rates of synthesis of the amino acids. When the concentration of a ternary complex goes up or down, the concentration of the corresponding deacylated tRNA will change in the opposite direction because the total concentration of tRNA is constant. Since a deacylated tRNA is one of the substrates for the aminoacyl-tRNA synthetase, the concentration of deacylated tRNA correlates positively with the rate of aminoacylation. Accordingly, one would expect that a decrease (or increase) in ternary complex concentration would speed up (or reduce) its synthesis via the aminoacylation pathway. However, when the activity of a synthetase decreases (or increases), its cognate amino acid pool increases (or decreases), respectively, which compensates for the original loss (or gain) of the rate of the synthetase. In spite of this, the sensitivity parameters are finite and the reason can ultimately be traced to the feedback inhibition of amino acid synthesis. In the pathway, where the concentration of deacylated tRNA decreases and the amino acid pool increases, feed back inhibition will reduce the rate of synthesis of that amino acid and thereby limit the capacity of the synthetase to compensate for a decrease in deacylated tRNA. This effect limits the sensitivity of aminoacyl-tRNA pools at the balance point, but allows it to take very high values.
An analytical approximation for the relative variation in ternary complex "1" to a relative variation in the signal s 1 , i.e. the sensitivity amplification a y1s1 , exactly at the balance point is derived in Appendix C (see also Table 2 ). The parameter a y1s1 can be described as a cascade of three sensitivity amplifications, derived for the simple case when the rate of synthesis of amino acid "2" is unaffected by changes in the rate of supply of amino acid "1", and a proportionality factor β :
The amplification 1 1 y t a is the relative variation in the concentration y 1 of ternary complex "1" to a relative variation in the concentration of deacylated tRNA, t 1 =t 01 -y 1 , of type "1". The amplification 1 1 t x a is the relative variation in t 1 to a relative variation in the concentration x 1 of amino acid "1". The amplification 1 1 x s a is the relative variation in x 1 to a relative variation in the signal s 1 . Effects of changes in the rate of supply of amino acid "1" on the rate of supply of amino acid "2" are taken care of by the factor β , which under the chosen conditions takes values between 0.5 and 1.0 (Appendix C). The partial sensitivity amplifications in Eq.(1), expressed in terms of the parameters in Table 1 
Near-critical fluctuations in ternary complex concentrations: multi-dimensional zero order kinetics
The stochastic nature of chemical reactions always leads to internal fluctuations in the numbers of chemically reacting molecules (McQuarrie, 1967; van Kampen, 1997) . Fluctuations can be significant in intracellular chemical reactions, since they occur far from thermodynamic equilibrium (Elf and Ehrenberg, 2003; Keizer, 1987) , and often involve small numbers of reactants. Near zero order kinetics, where the supply and consumption rate of a metabolite is insensitive to the amount of the metabolite, is known to cause anomalously large fluctuations in molecule numbers There is a positive correlation between the macroscopic sensitivity of the concentrations of reactants to a variation in flow rate, on one hand, and the relative size of the fluctuations in molecule numbers, on the other (Berg et al., 2000; Elf and Ehrenberg, 2003; Elf et al., 2003b) . In one-component systems, the variance of molecule number fluctuations normalized to the mean, i.e. the Fano-factor (Fano, 1947) , can be approximated by the sensitivity of the molecule concentration to a variation in its rate of synthesis, provided that only one molecule is synthesized or consumed at the time (Elf et al., 2003b; Paulsson and Ehrenberg, 2001 ). This is a result from the Linear Noise Approximation, LNA, (Elf and Ehrenberg, 2003; Elf et al., 2003b; van Kampen, 1997) , which is a method to estimate sizes and correlations of internal fluctuations based on flow rates, stoichiometries and locally linearized reaction rates. The Fano-factors, approximated by sensitivities or calculated from Monte Carlo simulations (Gillespie, 1976) of the master equation (van Kampen, 1997) , are shown in Fig. 3 . It can be seen that the Fano-factors for the numbers of amino acids and ternary complexes of type "1" can be approximated by their respective sensitivities to a variation of s 1 below the balance point (s 1 <s 2 =0.7) (Fig. 2) . Here, the concentrations of amino acid and ternary complex fluctuate independently of each other and of the other pathways in Fig. 1 , so that each concentration can be treated as a single component system. The number of amino acids has near Poisson statistics with a Fano-factor just below one, while the number of ternary complexes has a Fano-factor larger than one, which increases with increasing values of s 1 . In order to keep the number of free parameters low, we have assumed that the enzyme:metabolite complexes equilibrate on a faster timescale than the characteristic correlation time of metabolite pools. When this is the case, the macroscopic rate equations in Appendix A approximate the transition rates of the elementary reactions (Keizer, 1987) . Above the balance point (s 1 >s 2 =0.7), the sensitivity and Fano-factor of ternary complex "1" are close to zero, while the sensitivity and Fano-factor of amino acid "1" remain high. In this region, the Fano-factor is not equal to, but almost exactly twice, the sensitivity of amino acid "1" to a variation in s 1 , independently of the efficiency of the aminoacylation reaction. The reason is that random variations in the outflow from the amino acid pool, due to fluctuations in the number of deacylated tRNA molecules, enhance the Fano-factor exactly two-fold but have no effect on the macroscopic sensitivity parameter (Appendix D).
At the balance point itself, the sensitivities of ternary complexes of type "1" and "2" to a variation in s 1 (Fig. 2 ) and the Fano-factors for these complexes ( Fig. 3 ) are both extremely large (Fig. 3a , middle). The fluctuations in the two ternary complex pools are large, slow and anti-correlated such that an almost constant rate of protein synthesis is always maintained. The large and slow fluctuations emerge because the system is near a critical point, where the macroscopic steady state is only weakly attracting and where the amino acid synthetic flows are very insensitive to ternary complex variations (zero order ultra-sensitivity) (Berg et al., 2000) . Similar, but much less dramatic, near-critical fluctuations were earlier reported for a simple bi-substrate metabolic reaction lacking the specifics of aminoacylation and protein synthesis (Elf et al., 2003b) . In the present case, the Fano-factors estimated from the sensitivity parameters are larger than the more accurate estimates from Monte-Carlo simulations based on the master equation. The reason is that Fanofactor estimates from the LNA can be in significant error, when the fluctuations that it predicts extend far beyond the validity of the local linearization of the rate laws. The ternary complex concentrations have distinct maximal values, determined by the total tRNA concentrations, which provide upper limits to the fluctuations that are not accounted for by the local linearization procedure of the LNA.
Transcriptional control of amino acid synthetic pathways during balanced growth in poor media and after down shifts from rich to poor media
As we have seen in the previous sections, the aminoacyl-tRNA levels display near-critical behavior under conditions where the growth rate is limited by the supply of two amino acids. Next we will consider an idealized case, where it is assumed that the rates of synthesis of all twenty amino acids are rate limiting for bacterial growth. Further, that all rates of synthesis are exactly balanced to their rates of consumption by ribosomes that elongate peptides at 85% (v=J R /r=15.5 amino acids per second per ribosome) of their maximal rate (v max =J max /r=18.3 amino acids per second per ribosome),
). The concentrations of the different types of amino acids ( Fig. 4A , top) and the total rate of protein elongation (Fig. 4A , top, insert) display small and rapidly decaying fluctuations around their averages. The reason why the fluctuations in the amino acid pools are small and rapid is the presence of product inhibition in all pathways for amino acid synthesis (Fig. 1) . In contrast, the twenty aminoacyl-tRNA concentrations display very large and slowly decaying fluctuations around their averages (Fig. 4A, bottom) . The reason for these fluctuations is multidimensional zero order kinetics for anti-correlated pools of aminoacyl-tRNAs, which analyzed in detail for the two-dimensional case (Figs 2, 3 and Table 1 ). In the more realistic simulation of growth in minimal media including transcriptional regulation of amino acid synthesizing enzymes, with ten pathways under repressor control (Jacob and Monod, 1961; Savageau, 1976 ) and ten pathways controlled by ribosome mediated transcriptional attenuation (Landick and Yanofsky, 1987) , there is more variation in the total rate of protein synthesis (Fig. 4B , top, right insert), concentrations of amino acids (Fig. 4B , top) and aminoacyl-tRNA pools (Fig. 4B , bottom) than in the perfectly balanced case (Fig. 4A ). In this simulation, the copy number fluctuations in the amino acid synthesizing enzymes have been neglected, to highlight the effects of transcriptional control on the idealized system in Fig. 4A . The concentrations of aminoacyl-tRNAs cognate to amino acids under attenuation control vary between their maximal values, set by the total concentrations of tRNA molecules, and low values corresponding to translation rates matching the currently limiting amino acid supply. AminoacyltRNAs, with amino acids under repressor control, display considerably less variation (Fig. 4B, bottom) . The difference between the two groups of aminoacyl-tRNAs corresponds to much larger variations in their respective pools of amino acids (Fig. 4B, top) , which is a result of larger variations in the concentrations of attenuation controlled amino acid synthetic enzymes than of enzymes under repressor control (Fig. 4B, top, left insert) . This observation is in line with a previous report, suggesting that repressor control is better than attenuation control, when it comes to keeping the supply of amino acid balanced to the demand in protein synthesis (Elf et al., 2001 ). This result means that transcriptional control systems cannot eliminate fluctuations in aminoacyl-tRNA or amino acid levels, and that transcriptional feedback, based on the attenuation mechanism, enhance, rather than diminishes, variations in amino acid and aminoacyl-tRNA concentrations. The prediction that one aminoacyl-tRNA concentration at the time has a low value, while the levels of the other charged tRNAs have high values (Fig. 4B, bottom) , has implications for the propensity of ribosomes to make amino acid substitution errors. We estimate that the overall missense error frequency in the case shown in Fig. 4B is about two-fold higher than in a reference case with all aminoacyl-tRNA concentrations at similar levels at all times. This error enhancing effect may seem small, given the large fluctuations in aminoacyl-tRNA concentrations that we predict . The explanation is that when one aminoacyl-tRNA concentration is low, the concentrations of the others are about forty-fold higher. This leads to a forty-fold increased error frequency at codons read by the aminoacyl-tRNA with the low concentration compared to the reference case when all concentrations of charged tRNAs are equal. Since, however, the increased error frequency only occurs for one codon family out of twenty at the time , the factor of forty should be divided by twenty to obtain the time averaged error frequency at all codons. When E. coli and related bacteria are subjected to a sudden deterioration of the medium, amino acid starvation will often follow, which leads to the stringent response (Cashel et al., 1996) , and eventually to adaptation and exponential growth in the new medium. Such a situation arises e.g. when a medium that contains all twenty amino acids is swapped for a medium lacking amino acids . Immediately such a down shift, amino acids are made available for protein production primarily from degradation of existing proteins, rather than from de novo synthesis of amino acids (Kuroda et al., 2001) . In this situation there is no net-growth of cell mass and the overall rate of protein synthesis (and degradation) is about five percent of J max (Goldberg and St John, 1976) . If the proteins that are made after the down shift have the same average amino acid composition as the proteins that were made before the shift, then the supply flows of the different amino acids from the degradation of existing proteins will be exactly balanced to the demands for those amino acids ( 0.05; i=1,2..20
). This case is illustrated in Fig. 4C . If, in contrast, the newly made proteins have a different amino acid composition than the pre-shift proteins, then the rates of supply of the different amino acids will not match the demand. This case is illustrated in Fig. 4D . Since the supply rates for the different amino acids depend on proteolytic activities, there are no feedback systems that operate to balance those flows to their respective demands, in contrast to the case with transcriptional control illustrated in Fig. 4B . The down-shift scenarios in Figs 4C and 4D do not include the stringent response, with rapid synthesis of ppGpp (Cashel et al., 1996) , strong reduction of the total rate of transcription and a shift from synthesis of ribosomal RNA and tRNA to messenger RNA . Accordingly, these scenarios depict the early phase after a down shift during which time the stringent response is normally induced. In the balanced case (Fig. 4C) , the aminoacyl-tRNA levels display near-critical behavior with one concentration at the time being close to zero, while the concentrations of the other nineteen levels diffusing almost freely between low and high levels. The main difference between the idealized case in Fig. 4A and the case in Fig. 4C is that the amino acid limitation is much more severe in the latter (J R =0.05J max ) than in the former (J R =0.85J max ) case. In the unbalanced case (Fig. 4D) , all amino acid and ternary complex concentrations initially go to low values. Then, one amino acid and the corresponding ternary complex concentration remain low, while the other nineteen amino acid and ternary complex concentrations slowly return to high values. In this scenario, the same amino acid and ternary complex concentration remain low over time. The rate-limiting amino acid is the one for which the frequency of occurrence in pre-shift proteins divided by the frequency of occurrence in post-shift proteins is the smallest. After the initial phase succeeding the down shift, amino acid synthetic enzymes contribute significantly to the rates of supply of amino acids. This type of recovery to the exponential growth situation depicted in Fig. 4B is illustrated in Fig. 4E for mutant bacteria that lack the stringent response (relA -). The concentrations of amino acid producing enzymes are slowly increasing with time (Fig. 4E , top, right insert), and this leads to an increased rate of peptide bond formation per ribosome (Fig. 4E , top, left insert). As in Fig. 4B , one aminoacyl-tRNA concentration at the time is very low and the identity of the limiting aminoacyl-tRNA is shifting in the minute time scale.
Stringent control and the degree of amino acid limitation
It is known that the case depicted in Fig. 4B , i.e. exponential growth in minimal media, is associated with low RelA dependent synthesis of ppGpp (Lazzarini et al., 1971) , while the cases in Figs 4C and 4D are associated with the stringent response and very high rates of synthesis of ppGpp by RelA (Cashel and Gallant, 1968; Cashel et al., 1996; Haseltine and Block, 1973) . This is surprising, since both cases are associated with high concentrations of pausing ribosomes with open A-site and large concentrations of deacylated tRNA cognate to the codon of the starved ribosomes. We suggest that this dramatic difference in ppGpp synthesis during balanced growth with mild amino acid limitation (Fig. 4B) , on one hand, and the down-shift situation in Fig. 4C or 4D , on the other, is accomplished by a mechanism for deactivation of ppGpp synthesis, in which aminoacyl-tRNA in complex with elongation factor Tu and GTP removes the ppGpp synthesizing enzyme RelA from the ribosome. To see the implications of such a model, we first introduce average rates of peptide bond formation per ribosome under amino acid limitation (v=J R /r) and amino acid excess (v max The steady state rate of association of RelA to ribosomes must equal the steady state rate of dissociation, which gives the following approximation for the ribosome bound, fraction γ of RelA. 
If, to simplify, we also assume that the concentration of free deacylated tRNA is roughly constant, then γ is proportional to the ppGpp synthesizing activity of RelA in the cell. How the RelA activity depends on v is illustrated in Fig. 5 for different values rel k r . It is seen how γ remains very low when v decreases from its largest value v max , until there is a sharp take-off in the activity with γ rapidly approaching one. 
Conclusions
In protein synthesis, there is a stoichiometric coupling between the rates of consumption of all twenty amino acids, meaning that they always disappear into nascent peptides in proportion to how often their cognate codons appear on translating ribosomes (Fig. 1) . One consequence of this flow-coupling is that a rate limiting supply of one amino acid will control the rates of consumption of all other amino acids (Elf et al., 2003a) . Experiments (Brunschede et al., 1977; Forchhammer and Lindahl, 1971; Pedersen, 1984; Young and Bremer, 1976) , suggesting that E. coli cells growing in poor and amino acid lacking media are limited by amino acid supply, rather than by ribosome capacity, have motivated the present modeling approach. We show that when the rates of supply of several amino acids are simultaneously rate limiting for protein synthesis, the concentrations of the corresponding ternary complex (aminoacyl-tRNA⋅EF-Tu⋅GTP) levels become hyper-sensitive to a variation in the rate of supply for any one of these limiting amino acids. The sensitivity is quantified by the "sensitivity amplification" (logarithmic gain) (Goldbeter and Koshland, 1982; Savageau, 1971) ; here defined as the steady state percentage change in a ternary complex concentration normalized to the percentage change in the rate of supply of the corresponding amino acid. At the point of balanced supply of two rate limiting amino acids the logarithmic gain is found to be larger than 10 000 with realistic parameter choices for E. coli growing in poor media (Table 2) . Such high numbers for the logarithmic gain have to our knowledge not been previously reported for any enzymatic system. The hyper-sensitivity emerges from zero order kinetics of combinations of ternary complex levels that are simultaneously rate limiting for protein synthesis: when one ternary complex level goes down, a compensating increase in the concentration of another ternary complex almost exactly preserves all flows from amino acid synthesis to protein (see Fig. 2 ). This is a novel variant of zero order kinetics (Goldbeter and Koshland, 1981) in several dimensions (Elf et al., 2003b) , which is caused by the coupling of amino acids to their respective tRNAs before they enter the ribosome. Detailed analysis of this kinetic motif (Fig. 1 ) reveals how hypersensitivity emerges by the joint effect of three factors, which all are proportional to the inverse of the signal s (see Eq.
(2)). We have defined the signal s as the rate of supply of any limiting amino acid normalized to its rate of consumption on ribosomes that operate at maximal speed. As s decreases towards zero, the logarithmic gain goes towards extremely high values with the third power of 1/s. The first factor measures the relative variation in a ternary complex concentration (aminoacyl-tRNA concentration) normalized to the relative variation in the concentration of the corresponding deacylated tRNA (lacking amino acid) and is proportional to the concentration of the deacylated transfer RNA divided by the concentration of the ternary complex. When s is small, the concentration of ternary complex is much smaller than the concentration of deacylated tRNA, which makes the factor large and increasing with 1/s as s decreases. The second factor measures the relative change in the concentration of deacylated tRNA normalized to the relative change in the concentration of free amino acid. It is for small s-values proportional to the concentration of total tRNA multiplied with the maximal rate of aminoacylation divided by the dissociation constant for the binding of deacylated tRNA to the aminoacyl-tRNA synthetase and the rate of synthesis of amino acid. This factor is large when the concentration of total tRNA is larger than the dissociation constant for tRNA binding to the enzyme, and the aminoacylation capacity is much larger than the current rate of synthesis of the amino acid (proportional to 1/s). The third factor measures the relative change in amino acid concentration divided by the relative change in its rate of synthesis, and is for small s-values approximated by the feedback inhibition constant for the synthesis of an amino acid divided by its concentration. Since the free amino acid concentration is proportional to its rate of synthesis (proportional to s) divided by the rate by which it disappears in the aminoacylation step, also the third factor increases with 1/s when s decreases. It follows from the definitions of these three factors that their product measures the relative change in ternary complex concentration divided by the relative change in amino acid synthesis and hence that the overall sensitivity amplification is proportional to the third power of 1/s. The sensitivity of an amino acid concentration to a variation in its rate of synthesis depends on the third factor, is proportional to 1/s and has a much smaller sensitivity to the rate of amino acid production than the ternary complex concentration. Another prediction that follows from our analysis is that, when amino acid synthesis is controlled by attenuation of transcription (Fig. 1, (Landick and Yanofsky, 1987) ), the hyper-sensitivity in an aminoacyl-tRNA level in response to a variation in the rate of synthesis of the corresponding amino acid will lead to significant variations in the concentrations of amino acid synthesizing enzymes, large variations in the concentrations of amino acids and very large variations in the concentrations of ternary complexes in exponentially growing single cells (Fig. 4B) . The situation is different when amino acid synthesis is controlled by repressors, which are activated for DNA binding and repression by the concentration of amino acids (Fig. 1, (Jacob and Monod, 1961) ). In this case, we predict that variations in the concentrations of amino acid synthetic enzymes, amino acids and ternary complexes will be much smaller than in the attenuation case (Fig. 4B) . We also find that even if the rates of synthesis of all limiting amino acids could be perfectly balanced to their respective rates of consumption in protein synthesis, the ternary complex levels would still display very large stochastic fluctuations between very low and maximal values (Fig. 4A) .
The degeneracy of the pathways for protein synthesis in E. coli during amino acid limited growth, leading to large anti-correlated variations (Fig. 4B ) or stochastic fluctuations (Fig. 4A ) in ternary complex concentrations are expected to have several physiological consequences. One concerns amino acid substitution errors in protein synthesis: we estimate those variations in ternary complex concentrations (Fig. 4A ) to enhance amino acid substitution errors during protein synthesis about two-fold, compared to a case where the different ternary complex concentrations are perfectly balanced. Another consequence concerns "downshifts" from a medium containing amino acid to a medium lacking amino acids. In this case, the supply of amino acids originates mainly from degradation of proteins that were present already at the time of the medium swap (Goldberg and St John, 1976) , and feedback loops that control amino acid supply are lacking. Here, two different scenarios are considered.
In the first, the supply of amino acids by protein degradation are perfectly balanced to their rates of consumption during synthesis of new proteins after the downshift, albeit at a much lower synthesis rate (5% of ribosome capacity, s=0.05) than during balanced growth in a minimal medium (85% of ribosome capacity, s=0.85). This scenario requires that the average amino acid composition of the proteins that were present before the shift (supply of post-shift amino acids) is equal to the average amino acid composition of nascent proteins after the shift (consumption of post-shift amino acids). Since the sensitivity amplification of the ternary complex concentrations is proportional to (1/s) 3 (Eq. (2)), the stochastic fluctuations are much larger in this down-shift scenario (Fig. 4C, bottom) , than during balanced growth (Fig. 4A ). When the s-value is 0.05, the expected average error increase due to random variation of ternary complex concentrations is expected to be about 20 times higher than when s=0.85 (from 0.85/0.05=17), corresponding to a forty-fold increase in the amino acid substitution frequency. In the second scenario, the amino acid distribution in pre-shift bulk protein is different from that in post-shift bulk protein, which leads to imbalanced supply and demand for the amino acids (Fig. 4D) . The amino acid which has the smallest frequency of occurrence in pre-shift proteins compared to its occurrence in post-shift proteins is rate limiting and its concentration as well as the concentration of its cognate ternary complex remain low as time goes by after the down-shift. The other amino acid and ternary complex concentrations, in contrast, slowly return to high values after the initial drop at the down shift (Fig. 4D) .
When a situation, like the one in Fig. 4C or 4D, arises, a stress response (the "stringent response") is induced in E. coli and many other bacteria (Cashel et al., 1996) . The name "stringent response" was coined by Stent and Brenner (Stent and Brenner, 1961) in a study of a bacterial mutant that responds abnormally to amino acid starvation. In the wild type bacteria, the accumulation of ribosomal RNA is instantaneously shut down if any one amino acid is in short supply. Stent and Brenner concluded that synthesis of ribosomal RNA and transfer RNA has a stringent requirement for the presence of all 20 amino acids. Accordingly, the cessation of ribosomal RNA synthesis under these conditions became known as the "stringent response". In contrast, in the mutant strain, stable RNA accumulation continues for some time during the starvation until it also ceases; i.e. the stringent amino acid requirement was apparently relaxed. This became known as the "relaxed response". When the mutation was mapped (Alfoldi et al., 1962) , the gene was named relA and its expressed protein was called the stringent factor or RelA. An important further step in the elucidation of the amino acid requirement for ribosomal RNA synthesis was the finding that not the amino acids themselves are required, but rather the charging of all transfer RNAs with amino acids (Neidhardt, 1963) .
It is now known that the stringent response is mediated by the effector molecule guanosine tetraphosphate (ppGpp), which is synthesized by RelA from ATP and GTP via formation of guanosine pentaphosphate (pppGpp). RelA synthesizes pppGpp in the A site of ribosomes in a reaction that also requires deacylated tRNA and rapidly converts the major part of intracellular GTP to ppGpp or pppGpp (Cashel et al., 1996) . Guanosine tetraphosphate binds to RNA polymerase (Chatterji et al., 1998) , re-routes transcription from synthesis of stable RNA to messenger RNA and, in addition, drastically reduces the overall rate of transcription, including messenger RNA . ppGpp also reduces the ribosome's capacity to consume amino acids (O'Farrell, 1978) , presumably as a consequence of reduced mRNA levels. After the finding that there is yet another enzyme that synthesises ppGpp (Hernandez and Bremer, 1991) in a medium dependent way (Dennis, 2004) , this is often referred to as PSII, while RelA is often referred to as PSI (Cashel et al., 1996) . When the capacity of ribosomes to consume amino acids is reduced by the stringent response at a fixed rate of amino acid synthesis via protein degradation, the signal s will increase from 0.05 to a higher value and this will reduce the error level (O'Farrell, 1978) . Experimental data (Lazzarini et al., 1971) suggest that the RelA activity is low for moderate amino acid limitation during growth in poor media (high s-values as in Figs 4A and 4B) ) and high only for severe amino acid limitation after down shifts (very low s-values as in Figs 4C and 4D) . However, the concentrations of deacylated tRNA molecules are predicted to be high already for moderate amino acid limitation (Figs 4A and 4B) . A passive model (Wendrich et al., 2002) for RelA activation, where the factor rapidly binds and dissociates from open ribosomal A-sites, therefore predicts induction of the stringent response already under the conditions depicted in Figs  4A and 4B (Fig. 5, upper curve) . To remove this inconsistency, we suggest a novel mechanism for RelA activation where, firstly, spontaneous dissociation of RelA from ribosomes with an open A-site is very slow. Secondly, where rapid release of RelA from the ribosome requires the entry of an aminoacyl-tRNA into the A-site, in accordance with experiments showing that aminoacyl-tRNA in ternary complex can, indeed, bind to RelA containing ribosomes (Richter, 1976) (Wendrich et al., 2002) . Thirdly, where RelA is rapidly removed from the ribosome either in the subsequent transfer of a nascent peptide chain from the transfer RNA in the P site to the aminoacyl-tRNA in the A-site (Nissen et al., 2000) or during the translocation event, when the messenger RNA is moved one codon in relation to the ribosomal frame and the newly created peptidyl-tRNA is shifted from the A site to the P site of the ribosome (Valle et al., 2003; Zavialov and Ehrenberg, 2003) . This type of mechanism leads to the RelA activation curves displayed in (Wendrich et al., 2002 ) and the present suggestion of aminoacyl-tRNA dependent dissociation of RelA from the ribosome have been initiated (Holmberg-Schiavone, in preparation) with an in vitro system for protein synthesis with pure components (Pavlov and Ehrenberg, 1996) .
APPENDIX
Appendix A: The turnover of amino acids and aminoacyl-tRNAs
The following differential equations are used for the macroscopic analysis of the system described in Fig 1. 1 2 0 ( ) ( , ) ( , ) ( ,.., )
x i is the concentration of amino acid i, y i is the concentration of aminoacylated tRNA i . J Ei is the rate of synthesis of amino acid i, J Si is the rate of aminoacylation of tRNA cognate to amino acid i and J R is the total rate of consumption of amino acids in protein synthesis. f i is usage frequency of codons for amino acid i in the ribosomal A-site. The corresponding mesoscopic model assumes that, due to rapid equilibration, the binding of amino acids and tRNAs to the synthetases and of aminoacyl-tRNAs to the ribosome can be modeled as single step events (Elf and Ehrenberg, 2003; Keizer, 1987) . The rate laws for the different reactions are described below.
Amino acid synthesis
The rate law used for amino acid biosynthesis is:
This model reflects two basic properties. Firstly, the rate is proportional to k i , which is the capacity of the amino acid biosynthetic enzymes. Capacity is defined as the rate by which uninhibited enzymes produce amino acids. As the availability of substrates for amino acid synthesis is assumed to be constant, the capacity is also proportional to the concentration of the enzymes (see also Appendix E). Secondly, the enzymes are feedback-inhibited by free amino acids, with inhibition constant K i .
Aminoacylation
For sixteen out of the twenty aminoacyl-tRNA synthetases in E. coli, the amino acid is activated to aminoacyladenylate (aa-AMP) independently of the presence of a transfer RNA molecule on the synthetase (Ibba and Söll, 2000) . When the level of pyrophosphate in the cell is low, the energy rich aa-AMP molecule is bound to the synthetase in a stable complex until a transfer RNA molecule binds and aminoacyl-tRNA is formed and released (Fersht and Kaethner, 1976) . When the binding of aa-AMP is near irreversible and deacylated tRNA equilibrates rapidly with the aminoacyltRNA synthetase, the aminoacylation reaction scheme takes the form:
Here, S is the aminoacyl-tRNA synthetase, X is the amino acid, T is the tRNA and aa-tRNA is the ternary complex. k s is the maximal turnover rate of the enzyme when it is saturated with both tRNA and amino acid, K S is the dissociation constant for the binding of tRNA to the enzyme and k a is the association rate constant for the binding of amino acid to the enzyme multiplied with the probability that an aa-AMP complex is formed (k cat /K m ). The rate equations for aminoacylation, as derived from the scheme, is (Elf et al., 2001) 
Here, x i is the concentration of amino acid i, y i is the concentration of aminoacyl-tRNA number i and t 0i is the total concentration of tRNA i.
Protein Synthesis
Protein synthesis is a multi-step mechanism, where incorporation of each amino acid from its aminoacyl-tRNA into a nascent polypeptide (pp n ) on a ribosome (R) is an irreversible step. The average rate of protein elongation on ribosomes depends on the concentrations of all ternary complexes in the cell.
The average rate of protein synthesis is the inverse of the mean time of incorporation of an amino acid. The mean time is an average of the time (τ i ) for incorporation of amino acid i, weighted by the codon usage frequency f i . By assuming Michaelis-Menten kinetics for each step, the rate law takes the form Elf et al., 2003a) :
r is the concentration of ribosomes in elongation phase. K Ri and k R are the K m -and k cat -values, respectively, for incorporation of amino acid residues of type "i". The association rate constant for the binding of a ternary complex to the ribosome multiplied with the probability that binding is followed by peptidyl-transfer is the ratio k R /K Rj . The inverse of k R is the time it takes to hydrolyse GTP on EF-Tu, execute peptidyl-transfer, translocate peptidyl-tRNA from A-to P-site and dissociate elongation factor EF-G from the ribosome (Kaziro, 1978) .
or in simplified notation: 
We solve Eq. (14) for dx 1 and dk 1 and take ratios:
( , ) ( , ) 
( , ) ( , )
where the sensitivities 
The β-factor is related to how the rate of supply of amino acid "2" changes in response to a change k 1 .The β-factor is restricted to a value between 0.5 to 1, when both limiting pathways are identical. If ∂ J E2 / ∂ x 2 =0 then Eq. (17) Appendix D: The Fano-factor for the non limiting amino-acid
The fluctuations in the non-limiting amino acid pool, x 1 , can not be analyzed independently, since the aminoacylation is limited by the small and fluctuating pool of deacylated tRNA. The fluctuations in this pool of deacylated tRNA do however directly depend on how its aminoacyl-tRNA, y 1 , are deacylated in protein synthesis, which mainly is dependant on the supply of limiting amino acid, x 2 . We derive an expression for the fluctuations in this region (s 1 > s 2 ) by the linear noise approximation (LNA) (Elf and Ehrenberg, 2003; van Kampen, 1997) . The starting point is the macroscopic equations, which in this region is reduced to
The stoichiometric matrix S and the vector of flows J are 1 1 0 0 0 0 1 1 0 0 0 0 0 1 1 
Here
The matrix equation (20) 
The expression is quite cumbersome but is radically simplified if we recognize that 
and the Fano-factor is approximated by
This is the approximation of the Fano-factor that is compared with estimations from Monte Carlo simulation of the full system in Fig. 3B .
Appendix E: Transcriptional control
The transcriptional feedback system is modeled deterministically in order to study only the noise originating at the metabolite level. The concentrations of mRNA that would be important for a full stochastic model of gene expression are thus omitted (Paulsson, 2004) . For the ten repressor-controlled pathways (i=1-10) the transcriptional feedback control function is
This phenomenological control function contains some important features of repressor controlled amino acid biosynthetic systems (Elf et al., 2001) : the mechanism senses the concentration of amino acid aa i synthesized by the controlled enzyme system, the response to pool changes is significantly time delayed due to transcription and translation, the response is cooperative and the enzyme systems are diluted by growth of the bacteria. The rate of enzyme synthesis by a fully de-repressed control system k tr is chosen to 0.7nMs -1 to keep the average rate of protein synthesis at J R =0.85J max ; K rep =16µM is a parameter that determines at what amino acid concentration enzyme synthesis is more than half repressed, τ=30s is the time delay between sensing the amino acid concentration and the advent of a functional enzyme and each uninhibited enzyme system is assumed to synthesise 10 amino acids s -1 , i.e k i =10e i . For the ten attenuation-controlled pathways (i=11-20), the transcriptional feedback control function is ( ( )
Feedback inhibition is included in the supply of the limiting pathway as (Gillespie, 1976) . The values of s 1 and s 2 in different regions are shown at the top of the figure and s 3-20 =1. At the balance point (s 1 =s 2 ), the fluctuations in aminoacyl-tRNA levels are large and anti-correlated. Right: Fano-factors (variance/mean) for the two amino acid and aminoacyl-tRNA concentrations estimated with the Gillespie simulation (circles) or, in selected cases, with the linear noise approximation (LNA) (solid lines). The Fano-factors are equal to the macroscopic sensitivity amplifications (Fig. 2 ) except (i) at the critical point (s 1 =s 2 =0.7), where the Fano-factor estimated from Gillespie data (≈1000) is much smaller than the sensitivity amplification (>10 000) (Fig. 2 , legend) and (ii) for the amino acid concentration in the s 1 >s 2 range, where the Fanofactor (black circles or solid line) is twice the sensitivity amplification. The rate of translation when all tRNAs are fully charged is 18.2s -1 . The tRNA charging levels fluctuate almost freely under the constraint that the rate of translation is nearly constant. There is no external supply of amino acids. B Transcriptional Control. The enzyme systems are under transcriptional control. Ten pathways are regulated by repressor systems, sensing amino acid concentrations (blue). Ten pathways are controlled by attenuation systems sensing the rate of translation of selected codons (red). The transcriptional control is modeled deterministically (Appendix E) such that only noise effects originating at the metabolite level are considered. The copy numbers of the biosynthetic enzymes are plotted in an insert. The repressor systems that sense the amino acids can generally keep the enzymes they control at a fixed level. In contrast only, one attenuation controlled operon is expressed at the time. C. Downshift, with balanced amino acid usage to supply. Amino acids are first supplied externally, and then suddenly removed. The amino acids for the remaining protein synthesis (insert) are supplied by protein degradation. The proportion between amino acids in the degraded protein is proportional to the amino acid usage in protein synthesis. As a consequence, the system operates in the near-critical region after the downshift. Which ternary complex that is limiting for protein synthesis changes over time. No stress responses or transcriptional control systems are included in the model. D. Downshift, with unbalanced amino acid usage to supply. Same as in C, the supply of each amino acid from degraded protein is equal (5% of each), but the amino acid usage of different amino acids after the downshift is not equal (f i =4-6%). The amino acid with the lowest supply to usage ratio limits protein synthesis, and all other amino acid concentrations increases to very high levels. No stress responses or transcriptional control systems are included in the model. E. Slow recovery after downshift in relA -strains. Amino acids are first supplied externally and from enzymes expressed at a basal level (insert), and then the external supply is suddenly removed. The amino acid and tRNA charging levels drop, and the transcriptional control systems from amino acid biosynthetic enzymes are activated. The stringent response is not considered (relA-). The concentrations of the enzyme systems slowly increase, until they eventually reach their balanced growth levels described in B. The very slow recovery is due to the slow rate of translation which (i) makes the enzyme synthesis slow and (ii) delays the responses after that the transcriptional control signals are given. The delay is approximately 150s directly after the downshift, which gradually decreases to approximately 15s at full rate of translation. 
